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Stochastic Processes V. Issa & E. Jacob

TDS8 : Construction of the Brownian Motion

Exercise 1 — Transformations.
Let (Bi)i>0 be a Brownian motion.

(1) Show that for any A € R, the process (A\™1/2By;)i>0 is a Brownian motion.
(2) Show that By — By_; is a Brownian motion on [0, 1].

Exercise 2 — Constructing a Brownian motion indexed by R .
Let (B™), be a sequence of independent Brownian motions defined on [0,1]. For every
t > 0, define

[t]—1
BB+ Y B
1=0

Show that (Bi)>¢ is a Brownian motion.

Exercise 3 — Lévy’s construction of the Brownian motion.
Let H = L*([0, 1]) with the usual inner product. For ¢t > 0 let I, = 194 € H. We also set
(€;)ien to be an orthonormal basis of H.

(1) Check that (I, I;) = s At.
(2) Assume that there exists a H-valued standard Gaussian random variable. That is,
a random variable £ € H, such that for every z € H, (z,&) ~ N(0,|z|?).
(a) Using the random variable £ and the functions (1;);>0, build a Gaussian process
(Bi)iejoq such that Cov(B;, B;) = s At.
(b) Let Z; = (£, e;), so that & = > . Zse;. Show that the (Z;) are indepen-
dent standard Gaussians (Hint: Compute the characteristic function of finite
subvectors.). Deduce that the process of the previous question would satisfy,

(1) B.=Y 7, /0 ei(s)ds.

(c) By computing [£]?, show that £ cannot exist.
(3) Define hg =0 and for n > 0 and 0 < k < 2",

hkn = 2n/2 <]l 2k 2k+1] — ]l 2k+1 2k+2 > y
’ [2n+1’2n+1] [2n+1’2n+1]
We admit (or recall) that (hg, )k, is an orthonormal basis of H called the Haar

wavelet basis. Let (Z, x)nx be a family of independent standard Gaussian random
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variables. For every ¢ > 0 set

(t1) Bt:tZ‘FZFn(t),

n=0

where Fy,(t) = Y0 0" Zuifage(t) and foi(t) = [ hoi(s)ds.
(a) Using the inequality P([Y]| > \) < —”i/ﬂe_)‘Q for A > 0 and Y ~ N(0,1), show

that | .
_nt2

(b) Show that P (|| F,,||c < =5 for n large enough ) = 1.
(c¢) Show that almost surely, the sum of functions in (1) converges uniformly on
[0, 1] to a (random) continuous function.
(4) (%) Prove the same result than in the previous question when we use the Fourier
basis ey = 1, and e, (t) = v/2 cos(mmt) in (1) rather than the Haar wavelet basis.

Exercise 4 — Time inversion.
Let (B;)i>0 be a Brownian motion. Set X; = tB,, for ¢ > 0 and X, = 0.
(1) Show that X has the finite-dimensional marginals of a Brownian motion.
(2) Show that the set U = {f € R%+ lim; 040 fi = 0} C R%+ is measurable.
(3) Deduce that (X;); is continuous almost surely, hence may be modified on a negligible
event to form a Brownian motion.



